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DRP scheme, the advantageof the optimized upwind DRP scheme
is that it automatically damps out the spurious short waves while
retaining the DRP property in the scheme. The dissipation error
is also minimal due to the optimization process. The results in
Figs. 1a and 1b indicate that the optimized fourth-order upwind
DRP scheme with N D 4 and M D 2 has much less dissipation
error than that of the standard sixth-order upwind scheme with
N D 4 and M D 2 and can also resolve waves with higher wave
numbers (short waves). The coef� cients a j for the preceding op-
timized upwind DRP scheme with N D 4 and M D 2, shown in
Fig. 1, were obtained with ¸ D 0:0374 and ¾ D 0:2675¼ . They are
a¡4 D 1:61404967150957E¡02, a¡3 D ¡1:22821279019864E¡
01, a¡2 D 4:55332277706221E¡01, a¡1 D ¡1:24925958826149,
a0 D 5:01890438019346E¡01,a1 D 4:39932192729636E¡01, and
a2 D ¡4:12145378889463E¡02.

III. Results and Discussion
To verify the behavior of the optimized upwind DRP scheme

developed in the preceding section, the scheme, combined with a
fourth-orderexplicit time discretization,is applied to solve the � rst-
order linear wave equation.

In case 1, the half-period sine function is

u.x; 0/ D 0; 0 · x · 50

u.x; 0/ D 100..sinf¼ [.x ¡ 50/=b]g//; 50 · x · 50 C b

u.x; 0/ D 0; 50 C b · x · 300

where b is proportional to the width of the wave.
In case 2, the discontinuous initial waveform is

u.x; 0/ D 0; 0 · x · 50

u.x; 0/ D 100:0; 50 · x · 110

u.x; 0/ D 0; 110 · x · 300

A. Comparisons with the Standard Sixth-Order Upwind Scheme
The � rst-order linear wave equation is solved for case 1 with

b D 60. Figures 2a and 2b give a comparison between the exact so-
lutions and the numerical solutions for the optimized fourth-order
upwind DRP scheme and the standard sixth-order upwind scheme,
respectively.The computationaldomain is givenas 0 · x · 300, and
a mesh of spacing 1x D 3 is chosen. Excellent agreement between
the computed solutions of the optimized upwind DRP scheme and
the exact solutions is shown for different times, 5001t and 40001t,
where 1t is 0.0001. For the standard sixth-order scheme, however,
the phase error increasesas the time progresses.As we decrease the
value of b, which is known to be proportional to the width of the
wave, to 10, mesh spacing 1x has to be decreased to unity. The re-
sults shown in Figs. 3a and 3b indicate that for short waves the opti-
mized upwindDRP scheme,due to the DRP property in the scheme,
gives good velocity waveform. However, the dispersive error in-
creasesfor the standardsixth-orderupwind scheme,and the solution
of the scheme is totally dispersed at the time 40001t.

B. Comparisons with the Central DRP Scheme
To compare the performance of the optimized fourth-order up-

wind DRP with that of the fourth-order central DRP schemes, the
� rst-order linear wave equation is solved for a discontinuousinitial
waveform (case 2) with a grid of spacing 1x D 0:5. Figures 4a and
4b show the computedwaveformat times 50001t and 50,0001t by
the central DRP scheme, where 1t is 0.00001. As we can see, the
solution quality degrades by the presence of numerous � ne-scale
oscillations. The dispersive waves can also be seen superimposed
on the main wave pulse. An arti� cial selectivedamping is needed to
remove these pollutants of computational acoustics.2;3 In contrast
to the central DRP scheme, the results shown in Figs. 4c and 4d
indicate that the solution of the optimized upwind DRP scheme has
fewer oscillationsand most of the spuriouswaves are automatically
damped out due to the inherent viscosity in the scheme. Also, the
dissipationerror of the optimizedupwind DRP scheme is minimum
because the imaginary part of the integrated error E is minimized
for a wide range of wave numbers.

IV. Conclusions
The optimized upwind DRP scheme is developed and validated.

Results from the optimized fourth-orderupwind DRP scheme show
that numerical solutions of the scheme have much smaller disper-
sive and dissipationerrors and can resolve waves with much shorter
wavelengths than that of the standard sixth-order upwind scheme.
Compared with the central DRP scheme, the advantageof the opti-
mized upwind DRP scheme is that it removes most of the numerical
contaminants of computational acoustics automatically due to the
inherentviscosity in the scheme. The quality of numericalsolutions
is improved by the optimized upwind DRP scheme without adding
arti� cial selective damping terms in � nite difference equations.
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Introduction

T HE aim of the research,which is partlydescribedin thisNote, is
to develop a design tool1;2 for use by engineers involved in the

conceptual design of wing structures. During the conceptual stage,
there is only a limited amount of design informationavailable,mak-
ing the generationof complex three-dimensional� nite element (FE)
models dif� cult. There is also a need to examine numerous design
con� gurationsquickly.Therefore,it is importantto havea tool that is
accurate,ef� cient, quick to use, and simple, i.e., has a small number
of design variables and a suf� cient number of critical constraints.
Also, becausechangesmade late in the designprocessare expensive
to carry out, it is important to include the effect of constraints that
often areneglectedat theconceptualstage,e.g., � utter.For theserea-
sons, a one-dimensional dynamic stiffness method (DSM)3 model
has been used instead of a three-dimensional� nite element method
(FEM) model to � nd the normal modes of the wing. In previous
work, it has been shown, by both experimental and FEM analysis,
that the DSM can be used to accurately predict the normal modes
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Table 1 Natural frequencies of initial and � nal designs

Initial designa Final designa

Mode FE, Hz DSM, Hz % Difference FE, Hz DSM, Hz % Difference

1 6.4B 6.2B ¡3 6.5B 6.1B ¡6
2 9.2B 10.2B C10 11.4B 10.9B ¡5
3 23.0B 23.9B C4 19.7B 18.4B ¡7
4 48.0B 52.5B C9 35.9B/T 38.6B/T C7
5 60.1T 62.8T C4 41.0T 42.8T C4
6 83.8B 96.7B C13 59.0B 69.2B C15
7 114.3T 123.1T C7 62.2B 83.2T ——
8 125.4B/T 132.7T C6 82.4T 98.7T ——

aB denotes a bending mode, and T denotes a torsional mode.

of composite plates.4 The aim of this Note is to extend this work by
comparing the one-dimensional DSM and three-dimensionalFEM
modal analysis of a composite wing box. The initial and optimum
designs of a previously presented optimization problem2 are used
as example problems.

A full description of the external geometry, laminate layer thick-
ness distribution,and position of the spars and engine for both wing
designs is given in Ref. 2. Brie� y, the initial wing design, which
had a mass of 301 kg and a � utter speed of 368 m/s, was optimized
for minimum mass subject to constraints on material stress and a
minimum acceptable � utter speed of 270 m/s. The � nal design had
a mass of 184 kg and a � utter speed of 270 m/s. (The � utter speed
constraint has to be imposed during optimization, despite the fact
that the initialdesignmeets the requirement,becausewithout it there
would be no guarantee that the optimum design would satisfy the
requirement.)

DSM Wing Model
An important feature of the DSM is the assumption of a contin-

uous distribution of rigidity and mass, thus allowing for an in� nite
number of degreesof freedom. In constrast, the FEM discretizes the
rigidityand mass distributionsto nodalpoints and uses a � nite num-
ber of degrees of freedom and hence can � nd a solution only for a
� nitenumberofmodes,which are of limitedaccuracyfor thehigher-
ordermodes.The DSM wingmodels thereforeused only 10 uniform
box beam elements, each 1.28 m long. The spar and skin laminates
had a layup of [90=¡30=30=0]S , and the span-wise layer thickness
distributionwas modeledusinga quadraticequation.The optimized
design had unbalanced §30-deg layers and therefore had coupled
bending-torsional rigidity. The mass of the ribs and nonstructural
componentswas accountedfor by two spanwise distributedmasses,
one at the center of the wing box and the other at 80% chord. A pre-
processoris used to calculatethecross-sectionalproperties(bending
rigidity, torsional rigidity, coupled rigidity, mass, inertia, and dis-
tance between mass and elastic axes) of each element to be used in
the DSM analysis.

FEM Wing Model
FE modal analysis was carried out using ANSYS.5 Both designs

were modeled as continuously tapering boxes (Fig. 1), which is
more realistic than the DSM models. The composite wing box was
meshed using eight-noded SHELL91 (Ref. 5) elements, and the
box was divided into 10 bays, each 1.28 m long, within which the
thickness of each layer in the spar and skin laminates was the same
as the layer thickness in the corresponding DSM element. Twenty
MASS21 (Ref. 5) elements, with no inertia about their own c.g.,
were used to model the nonstructural masses. These were posi-
tioned at the midspan of each bay (Fig. 1) and were attached using
BEAM4 (Ref. 5) elementswith a cross-sectionalareaof 1 £ 10¡4 m2

and a second moment of area of 8:333 £ 10¡10 m4 . Because the
latter are not included in the DSM model, they were given a low
density .½ D 0:1 £ 10¡3 kg/m3/ and high elastic and shear moduli
.E and G D 0:1 £ 1017 N/m2/. The engine also was modeled us-
ing a MASS21 element, and inertia terms about its own c.g. were
included.

To prevent a signi� cant amount of cross-sectional deformation
from occurring, 20 ribs were added at 0.64-m intervals along the

Fig. 1 Geometry of FEM wing model.

span, using SHELL41 (Ref. 5) membrane shell elements.The thick-
ness of the ribs varied linearly, from 1 mm at the tip to 3 mm
at the root. They were constructed of an aluminum-like material
.E D 70 £ 109 N/m2 , G D 27 £ 109 N/m2 , and º D 0:3/. There was
no need for ribs in the DSM model because of the beam-theory as-
sumption of no cross-sectionaldeformation,and so they were given
a density of only 0.1 kg/m3 .

The FEM models for the initial and optimum designsconsistedof
2070 and 1517 elements, respectively. To ensure that only overall
modes were obtained and to reduce the analysis time, 60 master
degrees of freedom were selected along each of the box edges.

Discussion of Results
The natural frequenciesfor both designs are compared in Table 1.

For the initial design the natural frequenciesgiven by both methods
are within 15% of each other and within 5% for the fundamental
bending and torsional modes. Except for the fundamental bending
mode, the natural frequencies obtained by the FEM are lower than
those predicted by the DSM. The mode shapes predicted by both
DSM and FEM for the � rst seven modes, although not shown here,
are similar.The DSM analysispredicts that mode 8 is predominately
a torsional mode with only a little bending displacement, whereas
the FEM analysispredicts a mode that has a considerableamount of
both bending and torsionaldisplacement,although bending is more
signi� cant.

For the optimumdesign,the natural frequenciespredictedby both
methods for the � rst � ve modes were within 10% of each other. For
this design, the frequencies for the � rst three modes predicted by
FEM were greater than those predicted by the DSM. It is thought
that the differences between the predicted natural frequencies for
both designs is partly due to differences in inertia caused by model-
ing the nonstructuralmasses as discrete lumps in the FEM models
rather than as continuous distributions as in the DSM models. The
mode shapes predicted by both methods are similar for the � rst � ve
modes (Fig. 2). Although both methods agree on the frequency of
the second torsional mode, the DSM analysis predicts that it should
bemode7, whereas theFEM analysispredicts that it shouldbemode
8 because of the presence of an additional bending mode. With the
exception of the FEM’s fundamental bending and second bending
modes and the DSM’s second bending mode, the frequencies of all
modes are reduced during optimization.

For the initial wing design, modal analysis using FEM took 22
min and 23 s to obtain a solution for the � rst seven modes, whereas
using the DSM, the solution was obtained in only 2 s. These times
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Fig. 2 DSM and FEM mode shapes for optimum design. For the DSM results, a solid line denotes bending displacement and a dotted line denotes
torsional displacement.

were obtained on a Silicon Graphic Indy 150 MHz workstation.
This substantial time difference will have a considerable effect on
the time taken to obtain an optimum solution because, every time
the � utter speed of a wing is required during optimization, modal
analysis will need to be carried out. This is especially true if a
gradient-based optimization method is used, where, when needed,
the sensitivityof the � utter speed to a change in each designvariable
may be calculated using � nite differencing.

Conclusions
The use of the DSM to predict the modal behavior of a wing has

been validated against FEM. It also has been shown that the modal
behavior of a relatively complex three-dimensional structure can
be modeled satisfactorilyusing a one-dimensionalDSM model and
that a solution can be obtained in substantially less time using the
DSM compared with the FEM. Thus, the former is more suitable
for use at the conceptual design stage. Also, it has been illustrated
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that, as a result of optimization, the design has not been moved into
an area of the design space where the solutions obtained by FE and
DSM cease to be comparable. Finally, the use of the simpler DSM
model allows an understanding of the way in which the properties
of the wing, such as bending rigidity and torsional rigidity, vary
during optimizationbecause these are obtained explicitly as part of
the analysis process.
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